are established for the respective transverse shear stress resultants and stress couples within the general, dynamically and kinematically exact, six-field theory of elastic shells. These values do not depend on the shell material symmetry, geometry of the base surface, the shell thickness, or any kind of kinematic and/or dynamic constraints. The analysis is based on the complementary energy density following from the transverse shear stresses acting only on the shell cross section. The appropriate quadratic and cubic distributions of the stresses across the thickness allow one to derive the consistent constitutive equations for the transverse shear stress resultants and stress couples with s α and t α as the respective correction factors. Four numerical examples of highly non-linear shell structures illustrate the influence of different values of s α and t α on the results. In particular, some influence of t α is noticed on the placement of bifurcation points. In dynamic problem of flight of three intersecting plates analysed with Newmark-type temporal algorithm, the value of t α influences the moment at which the relative error of total energy of the system begins to grow indefinitely leading to the solution failure.
Introduction
The general non-linear theory of shells proposed by Reissner (1974) was developed in a number of papers, for example by Libai and Simmonds (1983) , Chróścielewski et al. (1992 Chróścielewski et al. ( , 1997 Chróścielewski et al. ( , 2002 , Ibrahimbegović (1997) and Pietraszkiewicz (2006, 2009) , and partly summarised in the books by Simmonds (1998), Chróścielewski et al. (2004) and Eremeyev and Zubov (2008) , where many additional references are given.
This dynamically exact and kinematically unique two-dimensional (2D) shell model does not require any kind of kinematic or dynamic constraints. It naturally includes the so-called drilling rotation and two transverse shear stress couples with corresponding workconjugate transverse shear bendings. These fields become of primary importance in analyses of irregular shells with kinks, branchings and intersections (Chróścielewski et al. 1997 (Chróścielewski et al. , 2004 , when connecting shell elements with beams, columns and stiffeners, as well as in two-dimensional formulation of singular phenomena such as phase transitions Pietraszkiewicz 2004, 2009 ), crack propagations, dislocations (Eremeyev and Zubov 2009) , wave motion etc.
Within the general 6-field shell model used here it is also reasonable (Chróścielewski et al. 1997 ) to introduce explicitly the shear correction factors s α and t α into the constitutive equations for the respective transverse shear stress resultants and stress
couples. Yet, the numerical values of s α and t α are not established within the general shell model, although one expects that the results should be analogous to those available for simplified shell and plate models of the Timoshenko-Reissner (T-R) type formulated using kinematic and/or dynamic constraints. Please note that various T-R shell models developed in many works and summarized for example by Naghdi (1972) , Pietraszkiewicz (1979) , Altenbach and Zhilin (1988) , Simo and Fox (1989) , Kleiber and Woźniak (1991) , Antman (1995) , Rubin (2000) , Bishoff et al. (2004) , and used by , 2001 and Vu-Quoc and Ebcioglu (2000, 2005) in multilayered shells, is based on kinematic constraints: "shell material fibres, which are initially normal to the undeformed shell base surface, are constrained to remain straight (and possibly inextensible) during shell deformation". This leads to only two rotational dofs available in such shell models.
The absence of the third drilling rotational dof makes the kinematically constrained shell models insufficient for proper analyses of the irregular shell problems mentioned above.
The aim of this paper is to establish theoretical values of the two shear correction factors within the general 6-fields geometrically non-linear theory of elastic shells, and to test their influence on numerical results of static and dynamic behaviour of some highly non-linear regular and irregular shell structures.
After reminding some general shell relations, we discuss in section 3 an effective part of 3D complementary energy density of the geometrically non-linear elasticity. This part is associated with the transverse shear stress components acting only on the shell cross section. Then 3D distribution of the transverse shear stresses are represented in (1.10) through the transverse shear stress resultants and stress couples. The corresponding distribution functions (1.12) are constructed by requiring four conditions (1.11) to be satisfied. The 3D stress distribution is then introduced into the effective 3D density and the through-the-thickness integration is performed. This leads to appropriate forms of the 
Some shell relations
Let P M ⊂ and ( ) P P M χ = ⊂ with corresponding edges P ∂ and P ∂ be connected parts of the shell base surface in the undeformed M and deformed ( ) M M χ = configurations defined by the position vectors x and y , respectively, where χ means the deformation. According to Libai and Simmonds (1998) and Chróścielewski et al. (2004) in the referential description the 2D internal stress resultant ν n and stress couple ν m vectors acting along P ∂ , but measured per unit length of P ∂ with the surface outward unit normal vector ν , are defined by
where T is the 1 st Piola-Kirchhoff stress tensor in the shell space, l the unit normal to the reference shell cross section, , 1, 2, However, it is usually more convenient to use the material representation of these 2D measures in the form
ax , ax , .
Here 1 is the metric tensor of the 3D space and ax( ) ⋅ denotes the axial vector of the skew 
Constitutive equations for 2D transverse shear measures
In the general six-field theory of shells the strain measures (1.4) are defined only on the shell base surface, without any relations to 3D strain measures in the shell space.
Hence, the idea of Pietraszkiewicz (1979) to use the 3D strain energy density for establishing the constitutive equations cannot be applied here. Since in 3D convected coordinates ( , ) α ξ ξ , see Pietraszkiewicz and Badur (1983) , reactive stresses which are required to maintain the assumed kinematic constraints, see Kleiber and Woźniak (1991) and Antman (1995) .
Within 3D geometrically non-linear, homogeneous elastic solids Zerna 1968, Gurtin 1972 ) the complementary energy density per unit volume of the reference configuration is given by the quadratic expression
where ijkl K are components of the compliance 4 th -order tensor. In particular, for an isotropic elastic solid we have ( )
with E the Young modulus and ν the Poisson ratio.
Taking into account symmetries of ijkl K and ij S , the quadratic expression (1.6) can be written as the sum of four separate terms each representing a part of 3D complementary energy density calculated from the stresses 
The conditions ( When the shell is homogeneous in the transverse normal direction it is quite natural to choose the simplest functions 1 ( ) f ξ and 1 ( ) g ξ in the representation (1.10), and we will use them in this paper as well. In fact, the function 1 ( ) f ξ was first introduced in the linear bending theory of plates by Reissner (1944) , while the function 1 ( ) g ξ was first used by Green et al. (1971) in the linear theory of plates of variable thickness.
In case of multi-layer shells with odd number of layers of the same thickness, higher-order functions (1.12) may become more appropriate, for example 2 ( ) f ξ and 2 ( ) g ξ for three-layer shells, 3 ( ) f ξ and 3 ( ) g ξ for five-layer shells, etc. When layers have different thickness and/or their number is even, one has to use the continuity conditions at the layer interfaces to define the global shear correction factors for multi-layer shell through the shear correction factors of individual layers. Such an approach can directly be used in the dynamically exact multi-layer shells proposed recently by Chróścielewski et al. (2010) . Its approximate applicability to geometrically exact multi-layer shell models of Vu-Quoc et al.
( [2000] [2001] [2002] [2003] [2004] [2005] can be discussed within the errors of the second approximation to the elastic strain energy density of Pietraszkiewicz (1979) , see also discussion in section 4.
The relations (1.8) and (1.12) for 1 n = indicate that the integrand in (1.9) becomes an infinite series of the resultants , Q M α α , the curvatures , H K , the material parameters, and polynomials of ξ . Thus, let us now assume that the shell is thin, / 1 h R << , so that 1 µ ≈ , and α α λ λ µ δ ≈ . Introducing these approximations together with (1.12), (1.8) and
(1.10) into (1.9), and taking into account that
we obtain the following result:
The constitutive equations for the 2D strain components E α and K α can now be directly calculated differentiating (1.14): , . 12
The value 5 / 6 s α = and 7 /10 t α = of the correction factors derived here do not depend on the shell material symmetry, geometry of the base surface, the shell thickness, or any kind of kinematic and/or dynamic constraints so popular in the literature.
In particular, for the homogeneous isotropic elastic material
so that the energy (1.14) reads (1 ) , . 12 2 12(1 )
Please note some symmetry of so defined s α and t α with regard to the shell stretching and bending stiffness C and D , respectively.
Discussion
Since the role of t α was not understood within the general 6-field theory of elastic shells, Chróścielewski et al. (2004) and Chróścielewski and Witkowski (2010) In most plate and shell models available in the literature the shell kinematics, not dynamics as in the present paper, is taken as the primitive notion to which various simplifying kinematic and/or dynamic constraints are applied. In most cases the 3D translation field ( ) ξ υ in the shell space is approximated by the linear expression, see for example Pietraszkiewicz (1979) , In all 2D plate and shell models based on such kinematic constraints deformation of the base surface is described only by 5 displacemental degrees of freedoms (dof): three translations and two rotational parameters. The third rotational dof -the so called drilling rotation -cannot be properly defined here, see extensive discussion of this issue in Chróścielewski et al. (2004) , section 2.7. In order to apply such constrained 2D plate and shell models in analyses of irregular shell problems mentioned in Introduction, one has to additionally reintroduce the drilling dof into the shell relations.
The correction factor 5 / 6 s α = in the constitutive equations for Q α expressed in terms of 3 α γ was first proposed by Bolle (1947) within the linear theory of isotropic elastic plates. He used the quadratic distribution of transverse shear stresses across the plate thickness similar to our (1.10) and (1.12) 1 . In many later papers reviewed by Grigoljuk and Selezov (1973) , Noor and Burton (1989) , and Jemielita (2001) Pietraszkiewicz (1979a Pietraszkiewicz ( , 1979b , within the consistent second approximation to the elastic strain energy density of the geometrically non-linear isotropic shells. Comparing those constitutive equations with ours (1.17) we can conclude that within the error indicated in Pietraszkiewcz (1979a Pietraszkiewcz ( , 1979b ) the 2D strain measures 3 3 2 , α α γ κ defined by Pietraszkiewicz (1979a) and in (1.23) can be interpreted as some approximations to , E K α α defined in (1.4). However, the both 2D transverse shear strains and bendings should not be identified, because they are introduced by entirely different approaches. Yeh and Chen (1993) to 5-, 6-or 7-parameter models, geometrically exact formulations, 2D models degenerated from 3D elasticity, Cosserat surface models with one deformable director, etc. This is so, because according to John (1965) In numerical results to follow we use the 16-node displacement/rotation based elements CAMe16 with full integration of element matrices, see Chróścielewski et al. (1992 Chróścielewski et al. ( , 2004 .
Using dense meshes we avoid discussions about locking phenomena and convergence. The analysis is performed within small elastic strains but unlimited translations and rotations.
Static snap-through of cylindrical panel
Consider a cylindrical panel depicted in Fig. 1 , where the geometry and boundary conditions are shown. The material parameters are:
This example was examined, among others, in Botasso et al. (2002) , Kuhl and Ramm (1996) to study properties of time integration schemes. Here we are concerned with the static version of this example.
In the first part we have studied one quarter of the panel due to the double symmetry. At the first stage we have performed mesh convergence analysis for two discretisations of the quarter with 8×8 and 12×12 CAMe16 elements. It turns out that there has been no significant difference in the results, so we present only the results obtained in the first mesh.
In the second part we have studied the influence of different values of t α . The overall response of the structure has been almost indistinguishable for 0.01 Finally, Fig. 6 and Fig. 7 depict placements of the upper and lower limit points from Fig. 3 , respectively.
The presented results show small influence of t α on the obtained results. The only exception is the placement of the bifurcation point in the case of asymmetric buckling.
Channel section cantilever
The problem analyzed in this subsection was originally formulated by Lee and Harris (1998) as the simply supported beam under action of uniformly distributed transverse load. Later, Chróścielewski et al. (1992) analyzed another variant of this example: the beam was considered as clamped at one end with the point load applied at the free end. This version became the popular benchmark problem and was analyzed among others by Ibrahimbegović and Frey (1994) , Betsch et al. (1996) , Chróścielewski et al. (2004) , Eberlein and Wriggers (1999) , Tan and Vu-Quoc (2005) . Wagner and Gruttmann 
Free flight of three intersecting plates
This example is representative for the class of tumbling problems initiated by the works of Vu-Quoc and Simo, see Vu-Quoc (1986) , Simo and Vu-Quoc (1988) . We analyze the flight of the shell structure as shown in Fig. 11 , where geometry, loads and material parameters are given. This example was analyzed by Simo and Tarnow (1994) , Zhong and Crisfield (1998) , Miehe and Shroeder (2001) . It is interesting to notice that Miehe and Shroeder (2001) and Simo and Tarnow (1994) obtained different results though the same material, loads and geometrical parameters were used. This issue has recently been studied in detail by Chróścielewski and Witkowski (2010) , where the internal, kinetic and total energies, the kinetic constitutive equations and the time integration schemes were described. The importance of this example is that once the external load impulse dies out an in free motion the structure is the Hamiltonian system in which we observe, conserved by definition, the total energy of the structure.
The material constants in used in this example are:
Simulations carried out in this paper are based on the kinetic constitutive relations In this example we have used two time integration schemes. The first one belongs to the Newmark family and was described in Chróścielewski et al. (2004) , Lubowiecka and Chróścielewski (2002) . The second scheme falls into category of the energy conserving algorithms (ECA, this label is used in the figures to designate the solutions) and its details were given by Lubowiecka and Chróścielewski (2005) .
The ECA algorithm has also been used by in the paper by Witkowski (DOI: 10.1002/cnm.1208) . To validate the correctness of the scheme the author run the example known as the toss rule (see for example Kuhl and Ramm 1996, VuQuoc and Tan 2003) . It has been shown that the present ECA algorithm furnishes correct results. this convergence failure appears slightly later than for the two remaining values. The same effect is portrayed in Fig. 13 and Fig. 14 where the external work ext G is defined in Chróścielewski and Witkowski (2010) . The error plotted against time t is shown in Fig. 15 .
Bending of twisted beam
We analyze the twisted beam shown in Fig. 16 . This example was used in the set of problems proposed by MacNeal and Harder (1985) . Originally, the thickness 0.32 h = was used. Belytschko et al. (1989) reduced the thickness to 0.0032 h = to invoke the locking effect. This is the very popular example, see for instance Wagner and Gruttmann (2005) In case of shell dynamic problem, when the temporal Newmark-type algorithm fails to converge, the value of t α influences the moment at which the relative error of total energy of the system begins to grow indefinitely leading to the solution failure. 
